Abstract. Let V be the intertwining operator with respect to the reflection invariant measure h 2 α dω on the unit sphere S d−1 in Dunkl's theory on spherical h-harmonics associated with reflection groups. Although a closed form of V is unknown in general, we prove that
Introduction and preliminaries
The main result of this paper is a formula for the integration of the intertwining operator in Dunkl's theory on h-harmonics associated with finite reflection groups. We start with background on Dunkl's theory (cf. [2] - [5] ).
For x, y ∈ R d we let x, y denote the usual inner product of R d and |x| = x, x 1/2 the Euclidean norm. Let S d−1 = {x : |x| = 1} be the unit sphere in R d . For a nonzero vector v ∈ R d define the reflection σ v by
Suppose that G is a finite reflection group on R d with the set {v i : i = 1, 2, ..., m} of positive roots; assume that |v i | = |v j | whenever σ i is conjugate to σ j in G, where we write σ i = σ vi , 1 ≤ i ≤ m. Then G is a subgroup of the orthogonal group generated by the reflections {σ i : 1 ≤ i ≤ m}.
Let dω be the normalized surface measure on S d−1 . We consider weight functions of the form h n := P d n ∩ ker ∆ h is called the space of h-harmonic polynomials of degree n. We denote by H n the space of ordinary harmonic polynomials, which corresponds to h α = 1. The dimension of H h n is the same as that of H n , which we denote by N (n, d); thus,
The intertwining operator V is a linear operator uniquely defined by ( [4] ):
Note that V H n ⊂ H h n ; the intertwining operator allows the transfer of certain results about H n to H h n . In particular, the Poisson kernel for h-harmonics in the unit ball is given by [4, Theorem 4.2, p. 1225]
, the case d = 1 appeared early in [4] ), and for
α , associated with the symmetric group S 3 ( [5] ). We state the first case as
where the constant c λ is defined by
The closed form of V in the case of S 3 in [5] is rather complicated. The problem of finding a closed form of V , however, is very important but also very difficult. The main result in the present paper is to show that integration of V f with respect to h 2 α dω on S d−1 has a simple closed form. We state and prove the main result in the following section. In Section 3, we use the result to study the summability of Fourier series in terms of h-harmonics, where we shall prove that the expansion of a continuous function as Fourier series in h-harmonics is uniformly (C, δ) summable on
Integration of the intertwining operator
we define the weight function
where c γ,d is the normalization constant so that the integral of W γ over B d takes the value 1. We denote by H α the normalization constant defined by H
There is a closed formula for H α due to the work of Macdonald, Heckman, Opdam, and others (cf. [7] , [8] , [9] ). We shall not write it down since it is not used in this paper. Theorem 2.1. Let h α be defined as in (1.1). Let V be the intertwining operator. Then
Before we turn to the proof of the theorem, some remarks are in order. First, the condition f ∈ Π d is not necessary. The formula may hold for any function as long as the integrals on both sides are finite. In fact, the first indication that such a formula holds true lies in the fact that the integral of P h as given in (1.4) is equal to 1. Secondly, we emphasize that the real strength of the theorem lies in the fact that the formula of V f for a general reflection group is unknown. Nevertheless, let us point out that in the case of Example 1.1, the equation (2.1) takes the form
This identity can be proved by changing variables and using integration by parts, but such a proof is not a trivial matter.
The following special case of the theorem is of interest in itself.
Corollary 2.2. Let g : R → R be a polynomial. Then
YUAN XU
The corollary shows, in particular, that the integration of V g( x, · ) against h 2 α yields a radial function. For the Lebesgue measure, this is evident since V = id and the integral in the left side of (2.3) with h α = 1 is clearly invariant under orthogonal transformations. For h α = 1 this is far from being obvious since h α is invariant under a subgroup of the group of orthogonal transformations. Even in the case of h α in Example 1.1 this is not obvious in view of (2.2).
In order to prove the theorem we explore the orthogonal polynomials with respect to the weight function W γ on B d . The following formula is very useful: If g is a continuous function on B d , then
under the standard change of variables
can be given in terms of Jacobi polynomials and the ordinary spherical harmonics. We use the standard notation P (α,β) n for the Jacobi polynomials orthogonal with respect to
where b k,n are the normalization constants so that the square of each element has integral equal to 1 with respect to W γ dx over B d . Using formula (2.4) and the fact that S m is homogeneous of degree m, it follows from the orthogonality of the Jacobi polynomials and the orthogonality of the (ordinary) spherical harmonics that P n is orthogonal to P m for n = m and the elements in P n are mutually orthogonal to each other. Since the polynomials in P n are of degree exactly n and there are exactly
We choose a total order for the elements of P n and treat it as a polynomial vector. Such a vector notation has been used to study orthogonal polynomials in several variables quite generally (cf. [11] ). In [12] , a different orthonormal basis of P n with respect to W γ dx, given in terms of Gegenbauer polynomials, has been used to study the summability of Fourier series in terms of
, we can write its Fourier expansion with respect to {P n } ∞ n=0 as (see [11] )
We want to study the effect of V applied to P n ∈ P n . Because of the formulae [10, p. 62, (4.21.2)] and [10, p. 59, (4.1.4)],
we first consider the effect of V applied to |x| 2j S n−2k,i (x). We have
Proof. Since |x| 2j S m is homogeneous of degree m + 2j, so is V (| · | 2j S m ). Using the canonical decomposition [2, Theorem 1.7, p. 37]
and the harmonic projection operator proj 
Since H 
In case 2i = m + 2j, we have
since proj H h 0 = id. By the intertwining property of V , it follows that
Using the identity
for g m ∈ P m , m = 0, 1, 2, ..., and the fact that ∆S m = 0, we see that
which is zero if m > 0. For m = 0, we use the fact that S 0 (x) = 1 and put the constants together to finish the proof.
Lemma 2.4. For P n ∈ P n ,
Proof. By the definition of P n , we need to show that
for 0 ≤ 2k ≤ n and S n−2k,i ∈ H n−2k . From Lemma 2.3 and (2.6) this follows readily if 2k < n. For the remaining case 2k = n, we use (2.6) and (2.7) to derive that
where we note that the definition of P (α,β) k can be extended to α = −1 by using (2.6). From [10, (4.22.2), p. 64],
it follows that P (−1,|α|1−1+d/2) k (1) = 0 for k > 0 or n = 2k > 0. For n = 0 we use the fact that P Proof of Theorem 2.1. We expand f into the Fourier series with respect to the orthonormal basis P n as in (2.5). Since V is a linear operator, we have that
Thus, Lemma 2.4 implies that
which is the desired result.
Proof of Corollary 2.2.
The following formula is known to hold for f :
Using this formula and Theorem 2.1 we have
where c = A α ω d−2 . Changing the variable s → t/r in the last formula and interchanging the order of the integrations we have
where the last step follows from another change of variable. This is the desired formula. Instead of keeping track of the constant we can determine it by setting g = 1 and using the fact that V 1 = 1.
We end this section with the following remark: Formula (2.8) in Lemma 2.4 shows that V (P n ), n > 0, is orthogonal to H h 0 with respect to h 2 α dω. In fact, with little more effort, the same approach can be used to show that V (P n ) is orthogonal to H h k for k = n. This may suggest a possible way of studying the intertwining operator V . However, we do not know how to compute the integral of V (P )Q for P ∈ P n and Q ∈ H h n .
Summability of orthogonal series in h-harmonics
As an application of Theorem 2.1, we consider the Cesáro summability of the Fourier expansion of a function with respect to h-harmonics on the sphere. Let {S
We denote the n-th partial sum of this expansion by S n (h 2 α ; f ); thus,
Let us recall the definition of Cesàro summability. The sequence {s n } is summable by Cesàro's method of order δ, (C, δ), to s if
converges to s as n → ∞. If, for each n ∈ N 0 , s n is the n-th partial sum of the series ∞ k=0 c k , the Cesàro means can be rewritten as 1
For the basic properties of Cesàro summability see [14, Chapter III] . We are interested in the (C, δ) means of S n (h 2 α , f). Our main result in this section is the following. 
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We note that the intertwining operator is known to be positive in the case of Example 1.1 and for some parameters in the S 3 case ( [5] ). Dunkl has conjectured that the intertwining operator is positive for all weight functions invariant under reflection groups. When α = 0 the theorem reduces to the classical case of Lebesgue measure.
The proof of this theorem depends on Theorem 2.1 and a compact formula of the reproducing kernel for H h n . For each n ∈ N 0 , the reproducing kernel, P h n , for H h n is defined by the property
In terms of an orthonormal basis of H h n , the function P h n is given by
Using the intertwining operator V , we can express P h n in a closed form in terms of the Gegenbauer polynomials C (λ) n . 
Theorem 3.2. For n
Since V is linear and ·, y m is homogeneous of degree m in y, for |x| = 1 we can write
Setting t = ·, y/|y| we now derive a closed formula for the expression inside the curly bracket, which we denote by J(t). If n is even, say, n = 2m, then it follows from the definition of (a) j = a(a + 1) · · · (a + j − 1) that
, from which and the formula
we conclude that
by formula (2.6). Upon using formula [10, (4.1.5), p. 59]
we obtain a compact formula for J(t) in terms of Gegenbauer polynomials for n = 2m, which leads to
Since each S n,i is homogeneous of degree n, P h n is homogeneous of degree n in y. Hence, replacing y/|y| by y in the last identity leads to the desired result for n = 2m. The case n = 2m − 1 is proved similarly.
We note that this formula can be viewed as the addition formula for the hharmonics; indeed, it reduces to the addition formula for the ordinary spherical harmonics 
is the normalized Gegenbauer polynomial, which differs from C (λ) n by a normalization constant chosen so that {C (λ) n } forms an orthonormal basis with respect to w λ (cf. [10, (4.7 .15), p.81]). The n-th partial sum of this expansion can be written as
where the n-th reproducing kernel K n (w λ ) is given by
here in the second equation we have switched back to the usual Gegenbauer polynomials.
Proof of Theorem 3.1. From the definition of P h n it is easy to see that we can write the partial sum S n (h
where, according to Theorem 3.2 and using the notation of K n (w λ ), we have We conclude the paper with the following remark: From Theorem 3.2 and an inequality of Kogbetliantz (see [1, p. 71] ) for the Gegenbauer polynomials, it follows that the (C, 2|α| 1 + d − 1) means of the reproducing kernels P 
